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Neural networks

Any feedforward neural network with an activation function o gives rise to

fo:x+—gLooogi_1...00g1(x)

where each layer has linear map gy : y — Wjy with parameter 0, = W,.
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The dimension of the input space ng and
the layer widths n, determine the
network’s architecture.
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For a dataset X =[xy, x2, ..., xm] and unknown parameters 6 we are
interested in describing the constraints between the coordinates of the
array of model outputs Fx(0) = [fo(x1), fo(x2), ..., fo(xm)]-
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ReLU networks

A Rel U network is given by the activation function

ory=W,-..
at each layer of the neural network.

o this makes fy(x) piece-wise linear
» natural subdivision of the input space into regions
» fp(x) is a linear function of x in each region

s Yne) = (max{0,y1},...,max{0, yn, })

.

@ now consider multiple data points X = [x1, ..., Xm]
» this subdivision extends to the parameter space
» Fx(0) is multi-linear in 6 in each activation region
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Fixed data vs. fixed parameters
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Network Outputs

Parameter Space

Network Outputs

Input Space

Fixed Parameters

X = [Xl,XQ]
A1 =[(1,1,0),(1,0)]
A = [(O* L, 1)' (1= 1)]
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The main question

Problem

Describe the equations and inequalities that define the image of F{(0) as
the parameter 0 varies over an arbitrary activation region A in the
parameter space.
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Implicitization
Given a model, parametrized by
2 0= (017 s 79n) — (f1(0)7 f2(9)7 s fm(e))7

we are interested in describing the polynomials defining image(). This
process is called implicitization.
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Implicitization
Given a model, parametrized by
w:0=(01,...,0,) — (f1(0), H(0),... fm(O)),

we are interested in describing the polynomials defining image(). This
process is called implicitization.

Example (The independence model.)

Parametrization:
(91, 92) — (9192, ?1(1 = 92), Sl = 91)92, (1 = 91)(1 = 92) )

p1 p2 p3 P4

Implicit ideal: | = (p1ps — p2p3, p1+p2+p3+ps—1). 4;

The generators of the ideal | are called model invariants.
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Parametrization

@ The number of linear pieces over the input space can be enormous.
@ The linear pieces share parameters and are not independent.
o We investigate the relationships between the linear pieces.
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Parametrization

@ The number of linear pieces over the input space can be enormous.
@ The linear pieces share parameters and are not independent.
o We investigate the relationships between the linear pieces.
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Parametrization

@ The number of linear pieces over the input space can be enormous.
@ The linear pieces share parameters and are not independent.
o We investigate the relationships between the linear pieces.

12

o1 no) n1

A A

Moy = w ) [99] w)
July 21, 2025 7/21




Parametrization

@ The number of linear pieces over the input space can be enormous.
@ The linear pieces share parameters and are not independent.
o We investigate the relationships between the linear pieces.
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Parametrization

@ The number of linear pieces over the input space can be enormous.
@ The linear pieces share parameters and are not independent.
o We investigate the relationships between the linear pieces.
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Mathematical setup

Question: What constraints do the outputs of a ReLU network satisfy?
o Let X = [xi1,...,xn] define the activation region A = [a1,...,am].

e Split X into blocks [Xi, ... Xk] such where X; contains data points
that follow the same activation pattern.

o Consider the parametrization % : RP — R™5™ . 1 FL(0).
e Within each block, this parametrization can be written 0 > M;(0)X;,
where M(6) is a matrix dependent on the activation pattern and 6.

@ So, over all blocks, the parametrization is

ox 10— [My(0)X1 | Ma(0)Xz | -+ | Mi(6) Xl

Define the RelU output variety as im(gpf%). Denote it by V)?.

Question: What are the generators of 1% := I(V{)? Dimension? Degree?

Yulia Alexandr July 21, 2025 8/21



Single block

When all data points in X follow the same activation pattern A, the map is
o 10— M(9)X.
Example

Let np = ny = np = 2 and let A = [1,0]. Then for any X € R2x™,

1) (2 1) (2
W£1) Wél) W:Ez) W2(1)

(1),,(2) (1),
o (WO W@y o M9)X = (Wn M M2 M > [X1 . . Xm]
The polynomials defining the image are:
@ one quadratic polynomial induced by det M

@ linear polynomials induced by linear dependencies of X.

in hidden out
[ ] B [ ]
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Single block

Let r = rank M(6) for generic 6.
Proposition (A.-Montufar, 2025+)

The ideal 1§ is generated by n; - min{m — ng,0} linear polynomials and
(,"4) (m'"ff’l’m}) homogeneous polynomials of degree r + 1.

@ linear polynomials — linear dependencies between data points in X

o degree r + 1 polynomials — certain minors of MX, which do not
depend on the dataset X
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The pattern variety

We consider the parametrization
P 0 [M1(0) | Ma(0) | -+ | Mi(0)]:
Define the RelU pattern variety to be im(¢*).

For each i € [k], we assume that:
o |Xi| = no,
o all points in X; follow the same activation pattern,
e all points in X; are linearly independent.

Proposition (A.-Montufar, 2025+)

Any polynomial f € JA gives rise to a unique polynomial g = 1)~1f € I)Ag,
where 1 is a linear change of coordinates dependent on X.

So, we can study the ideal JA of the pattern variety instead!
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Example: 2 blocks

Consider a general dataset X = [ x1, x2, x3, x4 |. in  hidden out

@ X1 = [x1, x] follow the pattern (1,0). . .
@ Xy = [x3, x4] follow the pattern (1,1). . .

RelU output variety: 6 — [My(0)X1 | Ma(0)Xz] with 6 = (WD), W(2))

0y (M W) ppy(o) = (DD i el
( ) (2) 1) () 2( ) - (1), (2) (1) (2) v, @, @) (2 |-
W11 W2y Wi Way Wiy Way +Way Wap Wip Way' +Wap Wap

mp m3 ms m7)

RelLU pattern variety: 6 +— [M1(6) | M2(0)] = (ms me me mo

JA=(det(mi m3)), det(puims mamT)

The ideal l)? is obtained from JA in terms of fixed but arbitrary data X1, Xo.
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Two blocks, shallow networks

ng ny n2

° lh ]

. s' . Let|R1|:I’1, |R2|:r2, |5|:5'
. . Let t =r +r—2s.

. R °

input  hidden output

Theorem (A.-Montufar, 2025+)

The ideal JA contains:
Q (r1 + 1)-minors of My;
@ (r2 + 1)-minors of My;
© (ny + 1)-minors of [My | Ma] and [M] | MJ];
Q (t -+ 1)-minors of My — M.

Conjecture: no other polynomials are needed to generate the ideal.
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Sufficiency
Consider the map

My x Mp x Mg — R™2%2M0 (A B C) s [My = A+ C|Ma = B+ (]
where M, = {X € R™*" : rank(X) < r}.

Question: Given two matrices My, M, € R™*" satisfying:
Q@ rank My < a+c;
Q rank My < b+ c;
© rank[M; | My] and rank[M{" | MJ] < a+ b+ c;
Q rank(M; — Mp) < a+ b,

can we find A, B, C such that:
o Mi=A+Cand M, =B+ C;
@ rankA<a, rankB<b, rankC < c?
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Example: 3 blocks
P

faa
O

48 cubics: 3-minors of My, M, and Mj;
48 cubics: 3-minors of My — My, My — M3, and My — M;;
120 quartics: 4-minors of [M; | M;] and [M] | I\/IJ-T];

40 quartics: 4-minors of [M; — My | My — Ms] and [/\/11 - /\/12]'

Mo — Ms

2000 quintics: algebraically independent 5-minors of
My M My M My M My  Ms Ms M, Ms M
M3 M2 ’ M3 M3 ’ M1 M1 ’ M1 M3 ’ M2 M2 ’ M2 Ml '
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Many blocks, shallow networks

Linear combinations:
o Each M;(0) = W diag(A))W®) is a sum of rank-one matrices.
e For \ € Zk,

rank <Z A,M,(Q)) <

@ Polynomial constraints from minors:

supp (Z )\,-A,-> ‘ .

(] supp(z AiA)| 4 1)-minors € JA.

1

Question: Which A give rise to minimal generators?
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Many blocks, shallow networks

Linear combinations:
o Each M;(9) = W@ diag(A; )W) is a sum of rank-one matrices.
o For \ € Zk,

rank (Z A;I\/I,-(H)) <

@ Polynomial constraints from minors:

supp (Z )\,~A,~> ‘ .

(] supp(z AiA)| + 1)-minors € JA.

1

Question: Which \ give rise to minimal generators?

Blocks of linear combinations...
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Shallow networks, dimension

Two blocks: If ng > ny < no then the ideal JA has the expected
dimension, namely

dim(M,) + dim(M,) + dim(M.).

Many blocks: If ng > ny < ny then the ideal JA has the expected

&N
O
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Two blocks, deep networks

o ny n2 n3 T4

Ry ={(1,2,1),(2,2,1),
(1,2,2),(2,2,2)}
) (
)

. . . o | . f:_:ﬁz;; 2,2,2)}

L] ] * ] L ]

}

input hidden  hidden  hidden  output

The path network determined by Ry \ S has rank 2, even though all three
paths pass through the same neuron in the middle layer. Let

@ ry = rank of the path network on R; \ S;

@ rp = rank of the path network on R> \ S;

@ r. = rank of the fully connected network on S.
Let t=ry+ rp.
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Deep networks

Two blocks:

Theorem (A.-Montufar, 2025+ )
The ideal JA contains:
1. (rn + 1)-minors of My;
2. (r2 + 1)-minors of Ma;
3a. (Nmin + 1)-minors of [My | Ma] ifA{ = Ag for all £ > lpmin
3b. (Amin + 1)-minors of [M] | MJ] if AL = AS for all £ < {min
4. (t + 1)-minors of My — Ms.

Many blocks: Similar to shallow networks, except:

@ have to consider rank-1 matrices determined by paths;
o get looser rank bounds.
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Example: 2 blocks, deep network

JA is generated by:
@ 9 quadratics: 2-minors of My — Mp;
@ 10 cubics: 3 x 3 minors of [M; | Ma].

Yulia Alexandr July 21, 2025 20/21



Thank youl

Questions?
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