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Algebraic machine learning
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Neural networks

Any feedforward neural network with an activation function o gives rise to

fg . x> gLooog_1...00g(x)

where each layer has linear map g : y — Wy with parameter 6, = W(
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@ ng = dimension of the input space
o ny = width of the fth layer

For a dataset X = [x1,x2, ..., Xn] and unknown parameters 6 we want to
describe the constraints between the coordinates of the model outputs

Fx(0) = [fo(x1), fo(x2), - - -, fo(xn)].
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RelLU networks

Constraining the outputs of ReLU neural networks
joint work with Guido Montafar

Yulia Alexandr Algebraic invariants in ML April 18, 2026 4/28



ReLU networks

A RelU network is given by the activation function

o:y=01,.--,¥n,) — (max{0,y1},...,max{0, y,,})

at each layer of the neural network.

o fy(x) is piece-wise linear
— subdivision of the input space into linear regions

o Fx(0) is piece-wise multi-linear for fixed data X
— subdivision of the parameter space into activation regions

Takeaway:
restricting to an activation region A turns Fx(6) into a polynomial map!
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The main question
Fix X to be an arbitrary dataset.
Problem

Describe the equations and inequalities that define the image of the map

go)A< 10— F)?(Q)

as 6 varies over an arbitrary activation region A in the parameter space.

f®=0
:’ — ® — %L?»oo
-‘9\ p=F (&)
input space parameter space prediction space
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Why do we care?

o Characterization of reachable outputs
» does a point lie in the image of a neural network map?
o Safety verification
» can the network ever produce an unsafe or undesired output?
» let S be the set of unsafe outputs
» if V@ NS =g, the network is provably safe
@ Symbolic extrapolation
» use invariants to reason about outputs even far from the training data
» guarantee behavior without relying on over-approximation

o o
B % -
2 S
3

Takeaway: invariants = provable guarantees!
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Implicitization
Given a model, parametrized by
2 0= (917 s 79n) = (f1(0)7 f2(9)7 s fm(e))7

we are interested in describing the polynomials defining image(y). This
process is called implicitization.
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Implicitization
Given a model, parametrized by
w:0=(01,...,0,) —~ (f1(0), H(0),... fm(O)),

we are interested in describing the polynomials defining image(y). This
process is called implicitization.

Example (The independence model.)

Parametrization:
(91, 92) — (9192, ?1(1 = 92), Sl = 91)92, (1 = 91)(1 = 92) )

p1 p2 p3 P4

Implicit ideal: | = (p1ps — p2p3, p1+p2+p3+ps—1). 4;

The generators of the ideal | are called model invariants.
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The parametrization

no n np n3 X = [X1,X2,X3,X4]
. :_.— ﬁ . a =[(1.1,0),(1,0)]
[ ) [ ) [ ]
L a = [(07171)7(171)]
wn  we  we A = [a1, a1, a2, a7]
100
My(0) = W (10) W (010) W
000
(3) (10 @) (000 (1)
Ma(0) = WS () W (o010 | W,
001

ex 0= (WD W WOy [M(0) [ x] | Ma(6) x5 x]]
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The parametrization

In general, for k blocks:

O 0= [Mi(0)X1 | Ma(0)Xa | - - | Mi(6) X, ].

ReL U output variety: V)'? = im(go)A<) with ideal l)?.

P 0 [Mi(0) | Ma(9) | -- - | Mi(6)]-

Rel U pattern variety: UM = im(pA) with ideal JA.

Proposition (A.-Montufar)

Any polynomial f € JA gives rise to a unique polynomial g = ~f € I,
where 1 is a linear change of coordinates dependent on X.

So, we can study the ideal JA of the pattern variety instead!
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Example: 2 blocks

Consider a general dataset X = [ x1, x2, x3, x4 |.

e Xi = [x1, x2] follow the pattern (1,0). ey i3
o Xp = [X3,X4] follow the pattern (1. 1). i) NE)

RelU output variety: 6 +— [My(0)X1 | Ma(0)Xa] with 6 = (W), W(2)

(1) (2) (1),(2)

1) (2 1) (2 1) (2 1) (2

Ml(e) _ ( W11 Wi Wiz Wiy ) M2(0) — ( W£1) W£1)+W§1)W:§z) Wiz) W£1)+W£2) Wgz) )
1) (2 1) (2 1) (2 1) (2 1) (2 1) (2
W§1) Wél) Wiz) W£1) ’ W£1) W£1)+Wz(>1) Wéz) Wiz) W£1)+W£2) Wz(’z)

RelLU pattern variety: 6 — [M1(6) | M2(0)]
JA = (det(My), det(My— My)).

The ideal I)? is obtained from J# in terms of fixed but arbitrary data X7, Xa.
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Two blocks, shallow networks

no ny n»

° ’T‘Rl °

o S |E| ° Let]Rl\:rl, \R2|:r2, |5|:S.
Lett=r + rn — 2s.

° o (R» °

input hidden output

Theorem (A.-Montufar)

The ideal JA contains:
Q (r1 + 1)-minors of My;
@ (r2 + 1)-minors of My,
© (n + 1)-minors of [My | Ma] and [M{ | MJ];
Q (t+ 1)-minors of My — M.

Conjecture: no other polynomials are needed to generate the ideal.
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Sufficiency
Consider the map

My x Mp x Mg — R™2%2M0 (A B, C) s [My = A+ C|Ma = B+ (]
where M, = {X € R™*" : rank(X) < r}.

Question: Given two matrices My, M, € R™*" satisfying:
Q@ rank My < a+c;
Q rank My, < b+ c;
© rank[M; | My] and rank[M{" | MJ] < a+ b+ c;
Q rank(M; — M) < a+ b,

can we find A, B, C such that:
e Mi=A+Cand M, =B+ C;
@ rankA<a, rankB<b, rankC < c?
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Example: 3 blocks
P

faa
O

48 cubics: 3-minors of My, M, and Mjs;
48 cubics: 3-minors of My — My, My — M3, and My — M;;
120 quartics: 4-minors of [M; | M;] and [M] | I\/IJ-T];

40 quartics: 4-minors of [M; — My | My — Ms] and [/\/11 - /\/12]'

My — Ms

2000 quintics: algebraically independent 5-minors of
My M My M My M My  Ms Ms M, Ms M
M3 M2 ’ M3 M3 ’ M1 M1 ’ M1 M3 ’ M2 M2 ’ M2 Ml '
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Many blocks, shallow networks

Linear combinations:
o Each M;(0) = W diag(A))W®) is a sum of rank-one matrices.
e For \ € Zk,

rank <Z A,M,(Q)) <

@ Polynomial constraints from minors:

supp (Z )\,-A,-> ‘ .

(] supp(z AiA)| 4 1)-minors € JA.

1

Question: Which A give rise to minimal generators?
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Many blocks, shallow networks

Linear combinations:
o Each M;(9) = W@ diag(A; )W) is a sum of rank-one matrices.
o For \ € Zk,

rank (Z A;I\/I,-(H)) <

@ Polynomial constraints from minors:

supp (Z )\,~A,~> ‘ .

(] supp(z AiA)| + 1)-minors € JA.

1

Question: Which X give rise to minimal generators?

Blocks of linear combinations...

Yulia Alexandr Algebraic invariants in ML April 18, 2026 15 /28



Shallow networks, dimension

Two blocks: If ng > ny < no then the ideal JA has the expected
dimension, namely

dim(M,) + dim(M,) + dim(M.).

Many blocks: If ng > ny < ny then the ideal JA has the expected

&N
O
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Two blocks, deep networks

o ny n2 n3 T4

Ry ={(1,2,1),(2,2,1),
(1,2,2),(2,2,2)}
) (
)

. . . o | . f:_:ﬁz;; 2,2,2)}

L] ] * ] L ]

}

input hidden  hidden  hidden  output

The path network determined by Ry \ S has rank 2, even though all three
paths pass through the same neuron in the middle layer. Let

@ ry = rank of the path network on R; \ S;

@ rp = rank of the path network on R> \ S;

o r. = rank of the fully connected network on S.
Let t=ry+ rp.
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Deep networks

Two blocks:
Theorem (A.-Montufar)

The ideal JA contains:
1. (rn + 1)-minors of My;
2. (r2 + 1)-minors of Ma;
3a. (Nmin + 1)-minors of [My | Ma] ifA{ = Ag for all £ > pmin
(
(

3b. (nmin + 1)-minors of[l\/l1 | M2T] ifA{ = Ag for all £ < lmin
4. (t + 1)-minors of My — Ms.

Many blocks: Similar to shallow networks, except:

@ have to consider rank-1 matrices determined by paths;
o get looser rank bounds.
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Example: 2 blocks, deep network

JA is generated by:
@ 9 quadratics: 2-minors of My — Mp;
@ 10 cubics: 3 x 3 minors of [My | Ma].
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Attention modules

Algebraic invariants of lightning self-attention
joint work with Hao Duan and Guido Montafar
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Lightning self-attention

Let the weight matrices be Q, K € R?*9 and V € R4 >4

For a data matrix X € R¥*t and A = KT Q, the lightning self-attention is:

ew(X) = VX(XTAX) e RY >t

Observation:

For fixed parameters W = (Q, K, V), each output
coordinate is a homogeneous cubic polynomial ~ <——
in the entries of the input matrix X!

Z Yijk  XiXjXk 3-way tensor
~—~—

h:k coefficients

We study the algebraic relations satisfied by the polynomial coefficients of
this map. This defines the attention variety.
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The parametrization

Expanding the (/,/)-th output coordinate yields a cubic polynomial:

ew(X)[iJj] = Z (@meVik) XknXmnXe)
k,me[d], n€[t]

Single-column monomials Cross-column monomials
All 3 variables come from the 2 variables from a context n # j,
target column j (n = j): 1 variable from target j:
XkjXmjXe; XknXmnX¢j

Let y denote the ambient coefficient variables. Define the parametrization:
p: (A, V) — (cubic coefficients of o (X)[i,/])
Goal: Find the defining ideal J C R[y] of the attention variety V := im(u).
April 18, 2026 22/28



Linear relations

Within a fixed output coordinate (i, j), every single-column coefficient is a
linear combination of cross-column coefficients.

Example: Fix the index set {1,1,2}.
Let y(1j).(1.).(2) be the coefficient for x;;x;x;.

There are two ways to split {1,1,2}:

o Context gets {1,1}, target gets 2
— coefficient Y(1,n),(1,n),(2.) for X1nX1nX2j

o Context gets {1,2}, target gets 1
= coefficient Y(1,n),(2,n),(1.) for X1nX2nX1j

Summing over these valid splits yields a linear invariant:

Y(14).(1).(24) ~ (L) (1n).(24) ~ V(L) (20, (1) = O
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Single-column invariants

Let T be the symmetric tensor formed by the single-column coefficients,
and fr(x) be its associated formal cubic polynomial.

Theorem (A.-Duan-Montufar):

1. Factorization: fr factors as fr(x) = (x " Ax)(v'x).
= it lies on the Chow variety of split type (2,1).
= the Lie algebra flattening matrix Myie(f7) drops rank.

2. Low-rank constraints
Taking any d x d slice N of the tensor T yields the bound:

rank(/N) < 2rank(A) +1

= if (2rank(A) + 1 < d), the maximal minors of these slices vanish!

When d = 3,t =1, J is generated by 35 minimal octic polynomials!
= these are the 8 x 8 minors of My;e(fT).
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Cross-column invariants _
Fix an index ¢. The cross-column coefficients form

a symmetric matrix M, defined by

M
e (Me)k,m = Y(k,n),(m.n).(2)

Under the parametrization, we have:

M, = %(va;r + agvT).
where ay is the ¢-th column of A.
Theorem (A.-Duan-Montfar):

1. Every matrix pencil M(A\) = 329, A(M; has rank < 2.
= 3 x 3 minors of M() yield cubic invariants in y.

My

2. The unbalanced flattening matrix F,j = [vec(My) . ..vec(My)]:

e If a < d, then rank(F,;) < a
= invariants of degree a + 1.

e If a> d, the d x d maximal minors of F,; satisfy linear relations
— invariants of degree d.
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More cross-column invariants

1. Veronese-type relations

Certain r x r minors of the
cross-column coefficient matrices are
proportional to Veronese monomials.
Example (d = 2):
Three such 2 x 2 minors satisfy
(ch,da, ds) o (V§, 3, viva).
The quadratic relation

vivZ — (vivr)2 =0
becomes the quartic relation

didy — d2 = 0.

In general: degree-2r polynomials.

Yulia Alexandr

2. Sylvester resultant relations

Cross-column slices ~ quadrics
q1(yix)s s Gm(y; x)

On the attention variety, they have
a common linear factor in x.

Restrict to a generic line
L= )\1U + >\2 w:

= qk,..., gL binary quadrics
with a common root in P!

Hence, for every pair,

Res(qf,qt) =0

giving additional quartic relations.
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Summary
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Thank you! Questions?

Algebraic Geometry: A Window to Machine Learning
FEBRUARY 1- 5, 2027

[/] appLicaTION & REGISTRATION

Overview

This workshop brings together researchers in algebraic geometry and machine learning to develop new mathematical
frameworks for understanding learning systems. Recent work has begun to reveal rich algebraic and geometric
structure in neural networks, including algebraic invariants of model classes, symmetries and fiber structures in
parameter spaces, and geometric subdivisions of data space such as Voronoi regions of estimators. These perspectives
offer new ways to analyze neural networks beyond linearized regimes, providing insight into optimization dynamics,
implicit bias, generalization, and robustness. The workshop will focus on fundamental phenomena in modern deep
learning for which adequate theoretical tools are still lacking. These include feature learning, delayed generalization
(grokking), neural collapse, low-rank adaptation, neural network verification, neural compression, the benefits and

failures of mild i and length ion in seq to-sequence models under finite training
horizons. Many of these topics suggest underlying algebraic or geometric structure that remains poorly understood
Algebraic geometry offers a principled framework for identifying and exploiting such structure, enabling rigorous
analysis of phenomena that remain opaque to existing theoretical tools.

IPAM workshop! February 1-5, 2027.
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